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Let f be a complex function, differentiable throughout an open set S of
complex numbers. Then f has derivatives of all orders throughout S and
can be expanded in a power series throughout every disk lying in S. These
facts have been established by means of Cauchy’s integral formula and a
natural question has arisen, whether there exists another method of proof,
not employing that tool, a formula which is not directly related to the
concept of differentiability and whose validity for differentiable functions
can be viewed as a fortunate incidence.

In fact, thanks to the work of E. Connell, R. L. Plunkett, P. Porcelli,
A. H. Read, and G. T. Whyburn, such a new method of proof [18] based
on Topological Analysis has been developed. However, it is a method
which deviates from the mainstream procedures of Classical Analysis.

2

The following is a very natural approach to the expansion of complex
differentiable functions. Suppose 0 < R’ < R” < o0, and let f be a complex
function, differentiable in the annulus R’ < |z| < R”. We would like to prove
that f has, throughout that annulus, an expansion

o o e o]
@)=Y a_z7%+ Y a2~ (1)
k=1 k=0
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Choose an r, R'<r<R”, and consider the function f(re®®), —o0 <8 < o0,
of period 2n. This function, being everywhere differentiable, can, by Dini’s
test [19, p. 52], be expanded everywhere in a Fourier series:

n

flre®y=1im Y c(r)e*, (2)
n—oo T
where
2n
ck(r)=(27r)_1J fré®ye ** dg, k=0, +1, +2,...  (3)
0

If z=re®, 0 real, then from (2),

n

f)=lim 3 cfr)r=*z". (4)

k= —n

If one could show, for each fixed k, that, for R"<r<R”", c,(r)r *is a

constant a,, independent of r, then (4) would yield

f(z)= lim i a,z*

n— oo k= —n

which is, essentially, (1). Using the polar form of Cauchy-Riemann
equations, one can show, in case f'(z) is known to be continuous in the
annulus R’ <|z| <R", by differentiating under the integral sign, that
(d/dr)[c,(r) r*]=0 throughout (R’, R"), for k=0, +1, +2, ..., and hence,
for each such k, ¢, (r) r=* is indeed a constant in (R’, R”). This procedure
was carried out by P. R. Beesack [1], and can also be done if f(z) is only
known to be bounded in the annulus and, more generally, if it is merely
given that there is a real function M(8), summable over (0, 2z), such that,
for every re (R’, R"), 0 €(0, 2n), one has | f”(re®)| < M(6).

3

Our main goal is thus to prove that each c,(r) r—* is independent of r,
without making any assumption on f’ beyond its existence in the annulus
R’ < |z| < R". Two features of our proof are: (o) In contrast to the proof of
(1) based on Cauchy’s integral formula, which is a very “complex analytic”
proof, starting a deep schism between much of complex analysis and real
analysis, our proof is essentially a “real” one, keeping an intimate rela-
tionship between real and complex analysis. Such a close intimacy is of
great value in our era of extreme specialization, threatening the unity of
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mathematics. Also, our method, unlike the use of topological analysis,
belongs in spirit to the mainstream of classical analysis. (f) Our main tool
is the Generalized Riemann Integral. It was introduced in the beginning of
the century by O. Perron and A. Denjoy, but more recently was given an
equivalent definition which is merely a slight variation of the definition of
the Riemann integral, making it a very elementary concept. At the same
time, it is more powerful than the Lebesgue integral which it includes
(together with other integrals) as a special case. There is every reason to
make the generalized Riemann integral the standard integral of the
working analyst, and textbooks which are essentially doing so are starting
to appear: [3] (“The Gauge Integral”), [11] (“The P-Integral”). It is
hoped that the present paper will contribute to accelerating this trend.

4

To keep our work self-contained, we start by defining the (one-dimen-
sional) generalized Riemann integral and stating some of its fundamental
properties. This definition goes back to J. Kurzweil and independently to
R. Henstock who has studied this concept extensively. An elementary
monograph on the subject is [12] and a rapid survey can be obtained from
[2, 9] where the generalized Riemann integral is related to the “Dominated
Integral” and the “Simple Integral” introduced and studied by the author
and his co-workers [4, 5, 15, 16, 17, 8, 13, 14].

DEFINITION 1. Let —oo <a<b< oo and let f be a complex function
defined on [a, b]. Suppose there is a complex number I having the
property: for every ¢ > 0 there is a positive function 8,(x) defined on [a, 5]
such that if

a=Xe<x;< - <x,=b,

n

X1 SE <Xy, Xe— X1 <0,(&4) for k=1,2,..,n,

then

n

I— Z JENx—x,_ )| <6

k=1

Then this 7 is unique and is called the generalized Riemann integral of f on
[a, b], and f'is said to be generalized Riemann integrable on [a, b].
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Here are some fundamental properties of this integral.
(I
b b b
[ tafto)+ g0l v =a | fix)dx+ B8] glx)dx

assuming the right-hand side exists, where a, § are any complex constants,
and the integrals are generalized Riemann.

(I) If —o<a<b<oo,if fis a complex function defined on [a, b],
and if |2 f(x)dx exists as a (finite) Riemann, Lebesgue, or improper
Riemann integral,' then it exists also as a generalized Riemann integral,
and with the same value.

(IIT) If f (as a complex function of a real variable) is differentiable at
each point of [a, b] (—o0 <a<b< ), then

[ 710 dx=116) ~ ft@) )

(a generalized Riemann integral). This theorem is false if the integral is
taken as Riemann, Lebesgue, or improper Riemann integral.

5

Definition 1 has an obvious extension to complex functions on closed
n-dimensional intervals, n=2, 3, .... For our purposes, we need, however, a
variant essentially given in [10], namely,

DeFINITION 2. Let —ww<a<b<oo, —0<c<d<oo, and let f be a
complex function defined on the rectangle

S={(x,y):a<x<bc<y<d}

in (real) Euclidean 2-space. Suppose there is a complex number I having
the property: for every ¢>0 there is a positive function 3(P)=J,(P)
defined on S such that if a finite set o of disjoint open subrectangles of S
is given, each one, s, containing in its closure, §, a point P(s) and of the
form

s={(x, y):a,<x<b,, ¢, < y<d,}, (6)

where
b,—a,<o(P(s)),  d;—c,<o(P(s)), (7
(d,—c,)/(by—a,)=(d—c)/(b—a), (8)

! The latter, with any finite number of “singular points,” i.e., as in [7], Definition 91, p. 323
(for a complex function).
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so that
Us=Ss, (9)

then
ll— Y f(P(s))b,—a)d,—c,)| <e.

SEC

Then this 7 is unique (see below) and we denote it

ﬁ, ) bf(x, y) dx dy.

y<d

N
NN

For the convenience of the reader we supply here a proof of the (known)
uniqueness claimed in the last sentence. We first prove the following
(known) result: Suppose 6(P) is a positive function defined on S. Then (*)
there is a finite set ¢ of disjoint open subrectangles of S, each one, s, con-
taining in its closure, §, a point P(s) and of the form (6), where (7), (8),
so that (9). Indeed, assume (*) is false. Using a horizontal and a vertical
line bisecting the sides of S, break S into four closed rectangles with
interiors mutually disjoint. For at least one of the four, say S, () with
replaced by S,, is false. Now break S, similarly and arrive at a closed
rectangle S, for which (x), with S replaced by S,, is false, and so continue.
Let P* be the point common to all S;. Let n be a positive integer with

(b—a)/2" < 6(P*), (d—c)/2" < o(P*).

Then (x), with S replaced by S, is true, for one can take as ¢ the singleton
consisting of the interior of S, with which we associate the point P*. We
have thus arrived at a contradiction with the definition of §,.

If both I, and I, (#1,) enjoy the property of I in Definition 2, with
corresponding functions 6{"(P), 53 (P), then set

o(P)= min(&},‘lL ni2(P), 5{31), ni2(P)).

Using (x), choose ¢ and points P(s) as in (x). Then

L= % f(P(s))(b,—a)d,—c,)

SEOC

<|I,—=1|/2,

L= % f(P(s))b,—a,)d,—c,)

SEC

< —1]/2

and hence

[, =L <|I, -1
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6

FUNDAMENTAL LEMMA. Let 0 <R, <R< o and let f(z) be a complex
Sfunction, differentiable at each point of the annulus

R, <|zI<R

Then

2n
ﬁms,@f (re)drdp=| " e~ Lf(Re)~f(R,e)] dg,  (10)

O<op<2n

/\ . R 21[ . .

H f(re®) dr d(p=f r“j e f(re’ do dr. (11)
0K < foo 00

(The (Riemann) integrals on the right in (10) and (11) clearly exist.)
We postpone the proof to Sections 8 and 10. We recall here the

PoLAR ANALOG OF CAUCHY-RIEMANN EQUATIONS. Let f be a complex
function of a complex variable, differentiable at z,=r,e'(ry, ¢, real). Then
(r, @ considered real variables) of (re'®)/or and 0f (re'?)/d¢ exist at (ry, @q)
with values:

0f (roe™0)/0r = e of'(2,),
0f (roe'®)/d@ =iz, f'(2,) = iry Of (roe'*)/or. (12)

7

We are now in a position to carry out our aim, namely, to re-prove the
classical

THEOREM. Let O R <R"< o and let f(z) be a complex function,
differentiable in the annulus R’ < |z| < R". Then there are complex numbers

ey avz, a_l, ao, al, az,

such that, throughout that annulus,

flz)= i a,z* + i a_,z k (13)
k=0 k=1
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Proof of the Theorem. Let R'<r<R" and set
2n
Ck(r)=ck(r,f)=(27t)*1J‘ flre®ye **do; k=0, +1, £2,...  (14)
(4]

Then, (2), for every real 6,

n

fre®)=1lim Y c.(r)e*®.
nesoo

Let

V() =yl ) =cilr, £) r™5 k=0, +1, £2, .., (15)

so that, for every real 0,

fre®) = lim 3 yu(r)(re?)-

k= —n

We shall prove that, for every integer k,
7.(r) is constant, say a,, on (R’, R"). (16)

It would then follow that, if R’ <|z| < R”, then

f(z)= lim i a,z*.

no o T,
Also, ¥, a,z* would converge for |z| < R”. Indeed, for such z, choose

max(|z|, R)<r<R".

Then, by (16), (15), and (14), for every integer k,
a2 = cx(r)] - (I21/r)* < [max{| f(re)]: 0< o < 21} J(|zI/r)*

and, hence, ¥_,a,z" converges. Thus, throughout the annulus
R < |z| < R", (13).

Let k£ be an integer. We shall prove (16). By (15) and (14), for
R <r<R’,

velr, f)=1:1(r, 2" 7 f(2)).

Hence, it is enough to prove (16) with k=1, Observe that y(r) is
continuous in (R’, R").
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If R"<r < R", then for every real g,
—ie =" f(re’*)=d(e " f(re®))/og — e~ of (re®)/0g
and hence, by (14), (5), and (12),

e (r)= —i j:"e—"w[af(re"w)/ap] do = j:" re=[af(re)or] dp,  (17)

where the last two integrals are generalized Riemann.
Let R"< R, < R<R". Then, by (15) and (17),

[“nerar=emt [ [T e oLanveeyor) do ar

Suppose we could invert the order of integrations on the right-hand side,
the inner one (dr) being generalized Riemann, namely,

R 2n . i .
[ nrydr=m) " [ e Lf(Re™) — f(Rie™)1 do
=Ry, (R)— Ry 7(Ry). (18)
Then we would obtain throughout (R’, R"),
71(R)=7,(R) + Ry (R),

namely, y1(R)=0 and, so, y, is constant on (R’, R").
Now (18) can be written, by (15) and (14),

R 2n 2n
[ [T e pirey dgp dr = [ e[ f(Re")  f(R,e)] do
Ry [¢] 0
which is true, by the Fundamental Lemma.

COROLLARY 1. Let 0<R< o0 and let f(z) be a complex function, dif-
ferentiable in the disk |z| < R. Then there are complex numbers a,, a,, ...

such that, throughout that disk,

fiz)= i az~. (19)

Proof. Let 0<r< R/2. By the proof of the preceding Theorem, with
R'=0, R" =R, we have (13) whenever 0 < |z| < R, where

2n
ak=(2nrk)~1j fre®)e * dp, k=0, +1, +2, ...
0
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Let k be a positive integer. Then

la_il =

(2m) ~'r fzn f(re®) e drp{ <r* max{|f(z)l: |z| < R/2}.

Letting r - 0", we conclude a_, =0. Hence (19) whenever 0 < |z| < R. By
continuity of f and of the power series at 0, we have (19) also for z=0.

COROLLARY 2. Let f be a complex function and ¢ a complex number.
(a) Let OSSR <R"<oo and let f be differentiable in the annulus
R’ <{z—c| < R". Then there are complex numbers .., a_,,a_,, dg, ay, ay, ...
such that, throughout that annulus,

@)=Y alz—c)+ Y a_(z—c)7~
k=1

k=0

(b) Let 0<R< oo and let f be differentiable in the disk |z—c| < R.
Then there are complex numbers ag, a,, ... such that, throughout that disk,

e o)

fD)=} alz—c)

k=0

8

Proof of (10). We may even assume O0< R, <R< . Let ¢>0. We
show: there is a positive function §,(P) defined on

S={(r,0): R, <r<R0<¢@<2n}

such that if a finite set ¢ of disjoint open subrectangles of S is given, each
one, s, containing in its closure, §, a point P(s)= (r(s), ¢(s)) and of the
form

s={(r,p)a,<r<b, c,<p<d,}
where
b,—a,<é,(P(s)), d,—c,<d,(P(s)), (20)
(d;—c,)/(bs—a,)=2n/(R—R,), (21)

so that

Bl
I
i

3
m
Q
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then

[ e LARe®) - fR e 1 do = T F10(5)* )b, a)d, ~ )| <o

SEOC

Set
e, =¢/{8n[(2n+1) R—R,]}.

Given P=(r, @))€ S, let

55(})) = 6s(r5 (P) = min(n, ’151('3 ¢)/(1+ R)),

where # > 0 is such that

2n
[, e LS (Re*) = f(Rye)] do

— Y e Lf(Re™)~ f(Re®)](9;— @;_1)| <&/2
=1
whenever 0=¢@,< @, < --- <@,=2n,
max{¢,— ¢, :1<j<n}<n
and, for every { >0, n,(r, ¢} >0 is such that

\Lf(2) = fre®) Yz —re) ™! — f'(re®)| <{

whenever 0 < |z —re™| <n(r, ¢).

(22)

(23)

(24)

(26)

With this definition of J,(P), let ¢ and points P(s) be as above in this

proof. We prove (22).

Let the horizontal sides of the elements of o, extended, be the lines

©=0;, j=0,1,2,..,n
where
O=¢po<@, < - <g@,=2n
Let 1 < j<n and consider the rectangle

p,={(r,@):R <r<R g, ;<p<o¢;}.

Let its vertical partitions, inherited from o, be segments of the lines

r=r§, r=ri, ., r=rf,{l.),
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where ‘
Ri=rf<r?<...<ri) =R

Let 1 <k<m;. There is a unique s = s, € ¢ of the form
{(no):rd <r<r, ¢'<p<o"}
intersecting p;, and, clearly, by (20), (24),
;=@ 1<Q"—@' <1 (27)

Consider the corresponding point P(s) = (r(s), ¢(s)). By (20), (24), for p=
k—1, k, we have

I € — 1(s) €09 = |(r = 1(5)) € + r(s)(e" — £)|
<Iry = r(s) +r(s) ;= ¢(s)]
<r—r2  + R(e"—¢)
<(1+ R) .(P(s)) < n.,(r(s), ¢(s))

and hence, by (26), (21), and (23), we have
S ) = f(r(s) €)= £ (r(s) e ) r e = r(s) €]
<&lrPe —r(s) e <e,[r —r) , + R(ep" — ¢")]
=il + R(p" =) =) 10 =)
=&, [1+2nR(R—R,)](rY —r{ )
=e(r?—r{ )/[8n(R—R))].
Therefore
|f(ri €)= f(ridLy &) — f'(r(s) ) r —ri 1) e
<e(r? —r2,)/[4n(R - R))].

Hence

e~ L f(Re) = f(Rye“)] = T, f'(r(su) @ 0)(ri = ) 1)’ S o/
k=1

Y e “Lf(Re™)— f(Rie®)1(0;~ ¢, 1)
j=1

- Z 2 f’(r(sjk)eiw(xjk))("fkj)'rijl1)(‘/’1_(1’]'—1)

j=1k=1

n

< ) eldn) o~ ) =¢/2

=1
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By (25) and (27),
I. e L aren) - 1R do
- 3 e PR~ SR )0, 0, )| <o

Therefore

} [7 e f(Re*) - (R, ™)1 dp— T f(r(s) )b, - a,)(d, ~ c,)

0 seo

[7 et sree)~ (R )1 do

n "
=Y 2 frsp) €9 —rid e~ 0, )| <e

j=1k=1

9

To prove (11), we need two simple lemmas.

LemMa 1. Let C be a compact (nonempty) set of complex numbers and
let g be a complex function, continuous on C (in the sense that if
2,21, 24, ..€C and z,,~ z, then f(z,) - f(2)). Let n>0. There is p >0 such

that if
O0=¢o<@ < - <@,=2m

Cr— @k 1 <P,  PraSuS@;  k=1L2..n
then for every r>0 such that the circle |z| =r lies in C, we have

def
m=

2" . i ’
[, stre*ydo— T gre™)(pi— i) <n.
k=1

Proof of Lemma 1. Let 4>0 be such that
|g(z2) — g(z, )l <n/(4n)  wheneverz,,z,€C, |z,—~z,{ <4
and let

p=4/[1+max{jz]:ze C}].

(28)
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Suppose (28) and that the circle |z| =r, r>0, lies in C. Then

m=

n Pk i i
Yy f Re g(re') dp — {Re g(re™) How— @r—1)
k=1 "Pk—1

@k—1

+i Uw Im g(re’®) do — {Im g(re™) }(¢, — wkﬁl)]{

S (Re[g(re™)— glre™)] +iIm[ g(re™) — g(re™)1} (g — P 1)
k=1

< 3 {lgre™)— glre™)| + | g(re™) — g(re™) | }(px— 91 1)
k=1

where, for k=1, 2, ..., n,
O 1 SPe< 0, Op—1 SV S P
Fork=1,2,..,

[rex —re"™| <rlf, —oxl SH@i— @ ) <rp<4

and, similarly,

re —re™| < A.

Hence

m< Z n(2n) @ — @x_1)=n.

k=1

LEMMA 2. There is A, 0 <A< n, and a complex function B(z) such that,
whenever u, v are complex numbers satisfying 0 <|u| <4, 0<|v| <A, we
have

[u/(e™"— 1)1+ [v/(e” — 1)1 = (=1/2)(u + v) + u’B(u) — v*B(v),

where |B(u)| <1, |B(v)] < 1.

Proof. 1t is an elementary fact [6, pp. 117-118] not requiring for its
proof any knowledge of differentiable functions of a complex variable, that
for some t >0 and some numbers B,, B,, B,, ... (Bernoulli’s numbers),

z/(e*—1)= Y (B,/n!)z"  whenever0<|z| <,
n=0
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where By=1, B,= —1/2, B,=1/16, and B,,,,=0for n=1, 2, .... Thus, if
0<|ul <1, 0<|v| <7, then

Lufle™™ = 1))+ [v/(e” = 1)]=i{[ —iuf(e ™ —1)] - [iv/(e” —1)]}
=(—1/2)(u+v)+ u*B(u) — v>B(v),
where

B(z)= i (=1 i[( By, o/(2n+2)1] 27, [B(0)|=1/12<1

n=0

which implies the lemma.

10

Proof of (11). Let 6> 0. We repeat the third sentence of Section 8 (“We
show: ...”) with (22) replaced by

[ et [T emopre)y do de — 3 f(r(s) €76, — a)(d,— )| <. (29)
R 0

1 seq

Set
M=max{|f): R <IA<R), o= eR/I6R(M+ DR=R)L
&3=R,¢/{87(R— R)[(2n+ 1) R— R ]1};
A is as in Lemma 2, u> 0 is such that
R 2n .
J r! j e "“f(re'®) do dr
Ry 0
" l 21[ . .
=Y «[o e “f(re”) dcp(rj—rj_l)i <&f2 (31)
j=1
whenever Ry =ro<r,--- <r,=R,
max{r,—r,_:1<j<n} <y
p >0 is such that (cf. Lemma 1) if (28), then for every re [R,, R],
2n . . " . .
| J, Sre)re) " dp— 3 flre)(re™) ™ (o1~ 0x 1)
k=1
<&/[8(R—R))]; (32)

and n,(r, @) is as in (26).



ANALYSIS WITHOUT CAUCHY’S INTEGRAL 131

Given P=(r, p)€ S, let

0,(P)=0d.(r, 9) =min(e, 4, 4, p, n.(r, @)/(R+1)). (33)

With this definition, let ¢ and points P(s) be as in the third sentence of

Section 8. We prove (29).
Let the vertical sides of the elements of o, extended, be the lines

where

Ri=ry<r;<---<r,=R.
Let 1< j<n and consider the rectangle
o,={(ro)r,_,<r<r,0<e<2n}.

Let its horizontal partitions, inherited from o, be segments of the lines
e=07, o=9Y,..0=07,
where

0=0f'<o{’< .- <o =2n

Let 1 <k <y, There is a unique s=s; € g of the form

{(r,p):r<r<r, o \<p<o{}

intersecting o, and, clearly, by (20), (33),

ri—r,  <r'—r' <y, e — ol <A< (34)

Consider the corresponding point P(s)=(r(s), ¢(s)). By (20), (33), for
p=k—1,k, we have

Irei®” — r(s) e = |r (e — &) + (r,— r(s)) €|
SRlo ~ () +r" —r' <SR — @ ) +r" =1
<(R+1)0,(P(s)) <n.,(r(s), p(s5))

and hence, by (26), (21), and (30), we get

640/57/2-2
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|f(r,") = f(r(s) €)= £'((r(s) )1, — r(s) €|
<eslre®’ —r(s) €| < es[R(@ ~ 0 )+ 1" —r']
=&;[R+(r"—r) o — ol ) ' N —0i)))
=&,[R+(R—R,)(2n) "' 10 — 0§ |
=R, e[162%(R—R,)] Yo’ — 0! ).

Therefore
(/) (0]

£y ) = f(rye @) rif (r(s) €)@ — eob)]
<R g[8 (R—R)] (0¥ —0¥))).
Fork=1,2, ..y, set

() (/)

VY= (0l — o2 [ — o]
so that

I WP LA e ™) = flre )] = £ (1) €2 (0~ 0%)1)
<e[16n(R—R))]" (0¥~ 0{ ,

by (34), as
|(y—=x)e” — )| = [(y = x)2Ysinl(y — x)/2] <5

if 0<y—x<mx, yreal

Thus, setting y§’ =y, we have:

w—1

S GBS = T S ol ol )

#

Y r L) = f(r,e )] = (rlsy) €20 ol — o2 )|

k=1

<e[8(R—Ry)]

For k=0, 1, .., u;,— 1 (with ¢, = | —2n), by Lemma 2 and (34),

Hi—1
VP =P = —e R ([0 - ol e~ )]
+ L% — @)(e = —1)]
= —e (= 1/2)(0s 1~ o{",

+ (0 = o281~ (o)1 — 0121,



ANALYSIS WITHOUT CAUCHY’S INTEGRAL 133

where |8,] <1, |B,| < 1. Hence, using (30) and (33), we obtain
(2r)"! Z et f(re ) (o) — 0 1)
) Z e flr,e ¥ Yo 0¥ )
- 3 7 ls.) €l — 0k )

il o, G ,
=\(2r,)"” Z e~ f(r, e ) ol)  — o) 1)

— Z F(r(sp ) e )@ — ). )l

#—1

=t Y WP =) fre )
k=0

Hy
= 3 S(rlsw) e Yo~ o))
k=1

(V)]

=1 ) .
+170 T e fre B (0 — ol 1)~ Balolhs — 9¥)]
k=0

ui—1

<e[8(R—R)IT'+ R ¥ Mel(0f ol )+ (@)1 — 0]
k=0
=¢[8(R—R,)] "'+ 4nR; 'Me,<3¢[8(R—R,)] "

As o — o [ <p, k=1,2,. we have by (32):

s l’

2n
Pt e ey do— (2r)) Z el f(r,e ) (0P — i) 1)

()

—@r) ' Y e f(r e )((p‘"—mfi,)’<s[8(R—R,)]-'.
k=1

Thus

2n X . 5
e e do— T 70 e — 02 )

<e[2(R—R)] L
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Therefore

n

2" . .
ot e s dotr—r, )

=1

n #

= T X (i) € 0)0f = 02 )y —1y-0)

j=1k=1

By (34) and (31),

<g/2.

n

R 27 ) . 2n ; ;
f r*‘j e f(re®)dodr— ) rjflj e " f(rie)do(r,—r;_,)
0 0

Ry j=1

<gf2

and consequently

[r e sveny dpdr— T 101) e#0) b~ a)d—c.)

R SEC
J-R
R

1

2n
r=! J‘ e " f(re™) do dr
0

n H

=2 2 Lr(sp) €Yo — o ) ri—ri1)

j=lk=1

<eé&.
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